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Diophantine equations of type $\documentclass[12pt]{minimal}
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                \begin{document}$$f(x)=g(y)$$\end{document}$ have been of long-standing interest to number theorists. A defining equation of an elliptic curve is a prominent example of such equations. By Siegel's classical theorem, it follows that an irreducible algebraic curve defined over a number field has only finitely many *S*-integral points, unless it has genus zero and no more than two points at infinity. Ever since Siegel's theorem, one of the driving questions was to classify polynomials *f*, *g* for which the equation $\documentclass[12pt]{minimal}
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                \begin{document}$$f(x)=g(y)$$\end{document}$ has infinitely many solutions in *S*-integers *x*, *y*. The classification was completed by Bilu and Tichy \[[@CR5]\] in 2000, by building on the work of Fried and Schinzel. It turns out that such *f* and *g* must be representable as a composition of lower degree polynomials in a certain prescribed way.

The possible ways of writing a polynomial as a composition of lower degree polynomials were studied by several authors, starting with Ritt in the 1920's in his classical paper \[[@CR25]\]. Ritt's and related results have applications to Diophantine equations, but also to various other areas of mathematics, such as complex analysis, arithmetic dynamics, finite geometries, etc. See e.g. \[[@CR26]\] and \[[@CR36]\] for an overview of the theory and applications.

The theorem of Bilu and Tichy was used to prove the finiteness of integral solutions to various equations of type $\documentclass[12pt]{minimal}
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                \begin{document}$$f, g\in \mathbb {Q}[x]$$\end{document}$. For more details, see our recent survey paper \[[@CR18]\]. In this paper, we utilize some standard methods of Galois theory for maps between curves, to give simple and unifying proof of most of those results.

For a number field *K*, a finite set *S* of places of *K* that contains all Archimedean places and the ring $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {O}_S$$\end{document}$ of *S*-integers of *K*, we say that the equation $\documentclass[12pt]{minimal}
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                \begin{document}$$f(x)=g(y)$$\end{document}$ has infinitely many solutions *x*, *y* with a bounded $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {O}_S$$\end{document}$-denominator if there exists a nonzero $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\delta \in \mathcal {O}_S$$\end{document}$ such that there are infinitely many solutions $\documentclass[12pt]{minimal}
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                \begin{document}$$\delta x, \delta y\in \mathcal {O}_S$$\end{document}$.

For a polynomial *f*, the roots of the derivative $\documentclass[12pt]{minimal}
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                \begin{document}$$f'$$\end{document}$ are called *critical points*, and the values of *f* at critical points are called *critical values*. If for critical points $\documentclass[12pt]{minimal}
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                \begin{document}$$\beta _i$$\end{document}$'s of *f*, one has $\documentclass[12pt]{minimal}
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                \begin{document}$$\beta _i\ne \beta _j$$\end{document}$, then *f* is said to have *all distinct critical values*.

Theorem 1.1 {#FPar1}
-----------

Let *K* be a number field, *S* a finite set of places of *K* that contains all Archimedean places, $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {O}_S$$\end{document}$ the ring of *S*-integers of *K*, and $\documentclass[12pt]{minimal}
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                \begin{document}$$\deg f\ge 3, \deg g\ge 3$$\end{document}$. If *f* and *g* both have at least two distinct critical points and all distinct critical values, then the equation $\documentclass[12pt]{minimal}
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                \begin{document}$$\mu \in K[x]$$\end{document}$.

Corollary 1.2 {#FPar2}
-------------

Let *K* be a number field, *S* a finite set of places of *K* that contains all Archimedean places and $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} a_1x^{n_1}+a_2x^{n_2}+a_3=b_1y^{m_1}+b_2y^{m_2} \end{aligned}$$\end{document}$$has infinitely many solutions *x*, *y* with a bounded $\documentclass[12pt]{minimal}
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                \begin{document}$$\mu \in K[x]$$\end{document}$ we have$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} a_1x^{n_1}+a_2x^{n_2}+a_3=(b_1x^{m_1}+b_2x^{m_2})\circ \mu (x). \end{aligned}$$\end{document}$$

Corollary [1.2](#FPar2){ref-type="sec"} follows from Theorem [1.1](#FPar1){ref-type="sec"}. Namely, if $\documentclass[12pt]{minimal}
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Corollary 1.3 {#FPar3}
-------------
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Further corollaries of Theorem [1.1](#FPar1){ref-type="sec"} are given in Sect. [5](#Sec8){ref-type="sec"}. In the sequel we present our methods.

For a field *K* and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f\in K[x]$$\end{document}$ with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f'(x)\ne 0$$\end{document}$, the Galois group of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f(x)-t$$\end{document}$ over *K*(*t*), where *t* is transcendental over *K*, seen as a permutation group of the roots of this polynomial, is called the *monodromy group* of *f*, and is denoted by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${{\mathrm{Mon}}}(f)$$\end{document}$. A lot of information about the polynomial *f* is encoded into its monodromy group. To the proof of Theorem [1.1](#FPar1){ref-type="sec"}, in Sect. [3](#Sec3){ref-type="sec"} we show that if *K* is a field of characteristic zero and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f\in K[x]$$\end{document}$ has at least two distinct critical points and all distinct critical values, then $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${{\mathrm{Mon}}}(f)$$\end{document}$ is a doubly transitive permutation group. In particular, such *f* cannot be represented as a composition of lower degree polynomials. Polynomials with only simple critical points and all distinct critical values are called Morse by Serre \[[@CR27]\]. He showed that for an arbitrary field *K* and Morse $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f\in K[x]$$\end{document}$ such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${{\mathrm{char}}}(K)\not \mid \deg f$$\end{document}$, the monodromy group of *f* is symmetric. Turnwald \[[@CR32]\] showed that in Serre's result the condition on *f* can be relaxed from requiring that it has all simple critical points to requiring that it has one simple critical point (and all distinct critical values). These kind of questions were previously studied by Hilbert, Birch and Swinerton-Dyer, etc. One may find more details in Turnwald's paper. In Sect. [3](#Sec3){ref-type="sec"}, we recover these results. In \[[@CR16]\], it is shown that two Morse polynomials with rational coefficients, of distinct degrees which are both $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\ge 3$$\end{document}$, cannot have infinitely many equal values at integer points. This result, generalized by Theorem [1.1](#FPar1){ref-type="sec"}, does not imply Corollary [1.2](#FPar2){ref-type="sec"}, nor the aforementioned results in \[[@CR6], [@CR21], [@CR24]\].

We say that polynomial *f* has *equal critical values at at most two distinct critical points* if there do not exist three distinct critical points $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x_0, y_0, z_0$$\end{document}$ of *f* such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f(x_0)=f(y_0)=f(z_0)$$\end{document}$. Some well-known families of polynomials $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(f_n)_n$$\end{document}$ satisfy that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f_n$$\end{document}$ for all *n* has equal critical values at at most two distinct critical points.

For example, it is shown in \[[@CR2]\] that this holds when $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f_n(x)=x(x+1)\cdots (x+n-1)$$\end{document}$. There are many results in the literature about Diophantine equations of type $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f(x)=g(y)$$\end{document}$, where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f(x)=x(x+1)\cdots (x+n-1)$$\end{document}$, see e.g. \[[@CR2], [@CR3], [@CR11]\]. For instance, by the celebrated theorem of Erdős and Selfridge \[[@CR11]\], the equation $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x(x+1)\cdots (x+n-1)=y^n$$\end{document}$ for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$m, n\ge 2$$\end{document}$ has no solutions in positive integers *x*, *y*.

Proposition 1.4 {#FPar4}
---------------

Let *K* be a field with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${{\mathrm{char}}}(K)=0$$\end{document}$ and let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f\in K[x]$$\end{document}$ have at least two distinct critical points and equal critical values at at most two distinct critical points. If $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f(x)=g(h(x))$$\end{document}$, where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$g, h\in K[x], t=\deg g>1$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$k=\deg h> 2$$\end{document}$, then the derivative of *f* satisfies either$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} f'(x)=a'(x-x_0)^{k_0t-1}(x-y_0)^{l_0t-1}(kx -k_0y_0-l_0x_0), \end{aligned}$$\end{document}$$for some $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$a'\in K, k_0, l_0\ge 1$$\end{document}$ such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$k_0+l_0=k$$\end{document}$ and distinct $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x_0,y_0\in \overline{K}$$\end{document}$, or$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} f'(x)=a' (x-x_0)^{2t_0+1}(x-y_0)^{t_0}(x-x_1)^{2t_1+1}(x-y_1)^{t_1}, \end{aligned}$$\end{document}$$for some $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$a'\in K, t_0, t_1\ge 1$$\end{document}$ such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$t_0+t_1=t-1$$\end{document}$, and distinct $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x_0, x_1, y_0, y_1\in \overline{K}$$\end{document}$ that satisfy $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$3x_0=x_1+2y_1$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$3x_1=x_0+2y_0$$\end{document}$.

If $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f(x)=g(h(x))$$\end{document}$, where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$g, h\in K[x], t=\deg g>1$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$k=\deg h=2$$\end{document}$, then either *g* has no two distinct critical points, in which case ([1.3](#Equ3){ref-type=""}) holds, or $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${{\mathrm{Mon}}}(g)$$\end{document}$ is doubly transitive.

Finally, if *f* is indecomposable and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\deg f\ge 6$$\end{document}$, then $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${{\mathrm{Mon}}}(f)$$\end{document}$ is doubly transitive.
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It is easy to see (see Lemma [3.7](#FPar14){ref-type="sec"} and the text below) that if *f* has only simple critical points and equal critical values at at most two distinct critical points, and $\documentclass[12pt]{minimal}
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Theorem 1.5 {#FPar5}
-----------
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If both *f* and *g* have at least two distinct critical points and equal critical values at at most two distinct critical points, and their derivatives do not satisfy ([1.3](#Equ3){ref-type=""}) nor ([1.4](#Equ4){ref-type=""}), then the equation $\documentclass[12pt]{minimal}
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If *f* and *g* have only simple critical points and equal critical values at at most two distinct critical points, then the equation $\documentclass[12pt]{minimal}
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Theorem [1.5](#FPar5){ref-type="sec"} is proved in Sect. [4](#Sec7){ref-type="sec"}. In relation to Theorem [1.5](#FPar5){ref-type="sec"}, we further list all pairs of polynomials (*f*, *g*) with $\documentclass[12pt]{minimal}
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The finiteness criterion {#Sec2}
========================

In this section we present the finiteness criterion of Bilu and Tichy \[[@CR5]\].
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Theorem 2.1 {#FPar6}
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Polynomial decomposition via Galois theory {#Sec3}
==========================================
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---------------
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Proposition [3.1](#FPar7){ref-type="sec"} is due to Fried and McRae \[[@CR13]\]. To the proof, let $\documentclass[12pt]{minimal}
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Find more about the Galois theoretic setup for addressing decomposition questions in \[[@CR19]\] and \[[@CR36]\]. In \[[@CR36]\], this approach, which originated in Ritt's work \[[@CR25]\], is presented in a modernized and simplified language, and various new results are proved. In \[[@CR19]\], the authors adopted this modernized language and examined the different ways of writing a cover of curves over a field *K* as a composition of covers of curves over *K* of degree at least 2 which cannot be written as the composition of two lower-degree covers. By the generalization to the framework of covers of curves, which provides a valuable perspective even when one is only interested in questions about polynomials, several improvements on previous work were made possible.

The monodromy group {#Sec4}
-------------------

We now list some well-known properties of the monodromy group that will be used in the sequel, sometimes without particular reference. In this section as well, *K* is an arbitrary field with $\documentclass[12pt]{minimal}
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                \begin{document}$$y_2=gx_2$$\end{document}$. Every doubly transitive permutation group is primitive. A symmetric group is doubly transitive if it is of degree at least two, and an alternating group is doubly transitive if it is of degree at least four. See \[[@CR7]\] for a reminder about transitive group actions.

The following two lemmas are due to Ritt \[[@CR25]\] and Fried \[[@CR12]\], respectively.

### Lemma 3.2 {#FPar8}
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A transitive permutation group is primitive if and only if its point stabilizers are maximal subgroups by \[[@CR7], Thm. 7.16\]. By the above stated Lüroth's theorem, $\documentclass[12pt]{minimal}
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### Lemma 3.3 {#FPar9}
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### Lemma 3.4 {#FPar10}
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Lemma [3.4](#FPar10){ref-type="sec"} has been long known in the case $\documentclass[12pt]{minimal}
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                \begin{document}$$K=\mathbb {C}$$\end{document}$, but derived in the language of Riemann surfaces. We refer to Turnwald's paper \[[@CR32]\] for an elementary proof. Proofs of all the above mentioned results can be found in Turnwald's paper.

A theorem of Schur (see \[[@CR33], p. 34\]) states that *a primitive permutation group of composite degree* *n* *which contains an* *n*-*cycle, is doubly transitive*. Thus, if $\documentclass[12pt]{minimal}
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### Theorem 3.5 {#FPar11}
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In relation to Theorem [3.5](#FPar11){ref-type="sec"}, of importance are the following properties of Dickson polynomials. For $\documentclass[12pt]{minimal}
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Here are the main ingredients of the proof of Theorem [3.5](#FPar11){ref-type="sec"}, as presented by Turnwald \[[@CR32]\]. Note that if *f* is decomposable, then $\documentclass[12pt]{minimal}
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Polynomials with distinct critical values {#Sec5}
-----------------------------------------

In this section as well, *K* is an arbitrary field of characteristic zero.

### Lemma 3.7 {#FPar14}
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### Proof {#FPar15}
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Recall that a polynomial is called *Morse* if it has all simple critical points and all distinct critical values. Note that if $\documentclass[12pt]{minimal}
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By following the approach of Turnwald \[[@CR32]\] and by using Fried's techniques for proving Theorem [3.5](#FPar11){ref-type="sec"}, described in the previous section, we prove the following proposition.

### Proposition 3.8 {#FPar16}
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### Remark 3.10 {#FPar20}
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### Remark 3.11 {#FPar21}

In this paper, we are restricting our attention to the case of fields of characteristic zero. We are doing so for simplicity and since our main results hold over number fields. However, several results hold, under certain assumptions, over fields of positive characteristic. Lemma [3.2](#FPar8){ref-type="sec"} and Lemma [3.3](#FPar9){ref-type="sec"} hold if $\documentclass[12pt]{minimal}
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Polynomials with at most two equal critical values {#Sec6}
--------------------------------------------------

In this section, we prove Proposition [1.4](#FPar4){ref-type="sec"}. We do that through few lemmas.

### Lemma 3.12 {#FPar22}
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### Proof {#FPar23}
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### Lemma 3.13 {#FPar24}
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### Proof {#FPar25}
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### Proof of Proposition 1.4 {#FPar26}
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Proofs of the main theorems {#Sec7}
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Proof of Theorem 1.1 {#FPar27}
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To the proof of Theorem [1.5](#FPar5){ref-type="sec"} we need the following lemma.

Lemma 4.1 {#FPar28}
---------
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Proof {#FPar29}
-----

Since Dickson polynomials have only simple critical points (see e.g. \[[@CR6], p. 216\]), it follows that ([1.4](#Equ4){ref-type=""}) does not hold, and ([1.3](#Equ3){ref-type=""}) can hold only if $\documentclass[12pt]{minimal}
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If both *f* and *g* have only simple critical points and equal critical values at at most two distinct critical points, it follows by Proposition [1.4](#FPar4){ref-type="sec"} that their derivatives do not satisfy ([1.3](#Equ3){ref-type=""}) nor ([1.4](#Equ4){ref-type=""}), unless $\documentclass[12pt]{minimal}
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                \begin{document}$$\deg \phi =1$$\end{document}$, by ([4.8](#Equ20){ref-type=""}) it follows that ([4.6](#Equ18){ref-type=""}) holds. $\documentclass[12pt]{minimal}
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                \begin{document}$$\deg f=\deg g$$\end{document}$ in Theorem [4.2](#FPar30){ref-type="sec"}, as it is somewhat harder to handle. Namely, in the proof of Theorem [4.2](#FPar30){ref-type="sec"} we used that $\documentclass[12pt]{minimal}
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                \begin{document}$$\deg g_1=2$$\end{document}$. In the latter case, we couldn't express easily the relation between *f* and *g*. We remark that in the results in the literature, which we will derive as corollaries of Theorem [4.2](#FPar30){ref-type="sec"} in Sect. [5](#Sec8){ref-type="sec"}, in almost all cases it is assumed that $\documentclass[12pt]{minimal}
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Corollaries of the main theorems {#Sec8}
================================

We now present several corollaries of Theorems [1.1](#FPar1){ref-type="sec"} and [1.5](#FPar5){ref-type="sec"}. Most of these corollaries are either results of published papers or inspired by those results. We remark that our proofs of Theorems [1.1](#FPar1){ref-type="sec"} and [1.5](#FPar5){ref-type="sec"} are shorter than the proofs in those papers. We first list some corollaries of Theorem [1.1](#FPar1){ref-type="sec"}.

As we have seen in the introduction, Theorem [1.1](#FPar1){ref-type="sec"} implies immediately Corollary [1.2](#FPar2){ref-type="sec"}, which generalizes the main of result of Péter, Pintér and Schinzel \[[@CR24], Thm. 1\]. They proved it using other tools: Hajós lemma on the multiplicites of roots of lacunary polynomials (see \[[@CR26], p. 187\]), a result of Fried and Schinzel \[[@CR14]\] about indecomposability of polynomials in ([1.1](#Equ1){ref-type=""}), and by comparison of coefficients. Corollary [1.3](#FPar3){ref-type="sec"} was shown by Davenport, Lewis and Schinzel \[[@CR8]\], by a finiteness criterion developed by them, which is weaker than the later one of Bilu and Tichy \[[@CR5]\].
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                \begin{document}$$P_{n, k}$$\end{document}$ is said to be a *truncated binomial polynomial* at the *k*-th stage.

Corollary 5.1 {#FPar32}
-------------
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                \begin{document}$$P_{m-1,l-1}$$\end{document}$ are such that they have no two distinct roots whose quotient is a *k*-th, respectively *l*-th, root of unity, then the equation $\documentclass[12pt]{minimal}
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                \begin{document}$$P_{n,k}(x)=P_{m,l}(y)$$\end{document}$ has only finitely many integral solutions *x*, *y*.

Proof {#FPar33}
-----

It is easy to check that the following two identities hold:$$\documentclass[12pt]{minimal}
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                \begin{document}$$P_{n, k}$$\end{document}$ has all distinct critical points and all distinct critical values, unless it has two critical points whose quotient is a *k*-th root of unity. Thus, the statement follows by Theorem [1.1](#FPar1){ref-type="sec"}. $\documentclass[12pt]{minimal}
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In \[[@CR9]\], Dubickas and Kreso studied the equation $\documentclass[12pt]{minimal}
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                \begin{document}$$P_{m-1, l-1}$$\end{document}$. Irreducibility of truncated binomial expansions has been studied by several authors and the results suggest that $\documentclass[12pt]{minimal}
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                \begin{document}$$k=n-1$$\end{document}$ is solved in \[[@CR9]\]. We will discuss this case later, when we will list some corollaries of Theorem [4.2](#FPar30){ref-type="sec"}.

Corollary 5.2 {#FPar34}
-------------
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                \begin{document}$$\begin{aligned} \frac{x^n}{n!}+\cdots +\frac{x^2}{2!}+x+1=\frac{y^m}{m!}+\cdots +\frac{y^2}{2!}+y+1, \end{aligned}$$\end{document}$$has only finitely many integral solutions *x*, *y*.

Kulkarni and Sury \[[@CR20]\] proved Corollary [5.2](#FPar34){ref-type="sec"}. If *f* is the polynomial on the left hand side of ([5.3](#Equ23){ref-type=""}), then $\documentclass[12pt]{minimal}
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                \begin{document}$$f'$$\end{document}$ are such that their quotient is an *n*-th root of unity. It is shown in \[[@CR20]\] that this holds by using the fact that the Galois groups of *f* and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f'$$\end{document}$ are either symmetric or alternating, which is a well-known result of Schur.

Note that Theorem [1.1](#FPar1){ref-type="sec"} applies to equations of type $\documentclass[12pt]{minimal}
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                \begin{document}$$f(x)=g(y)$$\end{document}$, where *f* and *g* are any of the above mentioned polynomials. In particular, the following clearly holds.

Corollary 5.3 {#FPar35}
-------------
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                \begin{document}$$\begin{aligned} x^{n}+x^{n-1}+\cdots +x+1=\frac{y^m}{m!}+\cdots +\frac{y^2}{2!}+y+1, \end{aligned}$$\end{document}$$has only finitely many integral solutions.

We now derive some corollaries of Theorem [1.5](#FPar5){ref-type="sec"}. To get complete statements of some of the results in the literature, we still need to examine the exceptional cases in Theorem [4.2](#FPar30){ref-type="sec"}: If $\documentclass[12pt]{minimal}
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                \begin{document}$$g(x)=f(\nu (x))$$\end{document}$. All these cases are easy to handle. In handling the latter case, the following result is useful.

Proposition 5.4 {#FPar36}
---------------
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Theorem 5.6 {#FPar39}
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In the sequel we list some families of polynomials that have at least two distinct critical points and equal critical values at at most two distinct critical points. For brevity, we do not recall proofs if there are proofs in the literature. We further list several results from the literature, which can be derived as corollaries of Theorem [4.2](#FPar30){ref-type="sec"}.
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$y_n(x)=g(h(x))$$\end{document}$, where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$g, h\in \mathbb {R}[x]$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\deg g>1$$\end{document}$, then $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\deg h\le 2$$\end{document}$). Stoll and Tichy studied Diophantine equations with orthogonal polynomials in \[[@CR29]--[@CR31]\].

Theorem 5.7 {#FPar41}
-----------

For $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$m> n\ge 3$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$d_1, d_2\in \mathbb {Q}$$\end{document}$, the equation$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} x(x+d_1)\cdots (x+(m-1)d_1)=y(y+d_2)\cdots (y+(n-1)d_2) \end{aligned}$$\end{document}$$has only finitely many integral solutions *x*, *y*.
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Theorem 5.8 {#FPar42}
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Theorem [5.8](#FPar42){ref-type="sec"} is due to Dujella and Tichy \[[@CR10]\]. It is easy to check, and it was observed by Dujella and Tichy, that $\documentclass[12pt]{minimal}
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